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Tém tat 1y thuyét

1 Dinh nghia

Cho céc khong gian metric (X,d), (Y,p) va dnh xa f: X — Y

e Ta no6i anh xa f lien tuc tai diém =y € X néu
Ve > 0,30 >0: Ve e X, d(z,x9) <d = p(f(x), f(xg)) <€

e Ta noéi f lién tuc trén X néu f lién tuc tai moi x € X

2 CAc tinh chéat
Cho céc khong gian metric (X, d), (Y,p) va énh xa f: X — Y.
Dinh 1i 1. Cdc meénh dé sau tuong duong

1. f lién tuc tai xo € X

2. Y{z,} C X (limz, =xy) = lim f(z,) = f(x0)



Hé qua. Néu dnh xa f: X — Y lién tuc tai o va dnh xa g 1 Y — Z lién tuc tai yo = f(x0)

thi anh za hop go f : X — Z lién tuc tai xy.
Dinh 1i 2. Cdc ménh dé sau tuong duong
1. f lién tuc tréen X
2. Véi moi tap md G C'Y thi tap nghich danh f~1(G) la tap md trong X .

8. V&i moi tap dong F CY thi tap f~1(F) la tap md trong X.

3 Anh xa md, anh xa déng, anh xa dong phoi
Cho cac khong gian metric X, Y vaanhxa f: X — Y.

e Anh xa f goi la anh xa mé (déng) néu véi moi tap mé (déng) A C X thi anh f(A) la
tap mé (dong).

e Anhxa f goi la anh xa dong phoi néu f 1a song anh lién tuc va &nh xa nguse f~1:Y — X

lién tuc.

4 Mot s6 cac hé thitc vé anh vaA Anh ngudc
Cho cac tap X, Y khac tréng va anh xa f: X — Y. Véicactap A, A4, C X va B, B, C Y, ta

co

LAy =Ure),  A()A) ) F(A)

el el i€l el

2. ' UBy=Ur sy, OB =B

el iel iel el
FHBI\ Ba) = f(By) \ f1(Ba)
3. f(f{(B)) C B ("="néu f I toan 4nh)
FYf(A) D A ("="néu f la don 4nh)

L4 ~

Bai tap

Bai 1. Trong khong gian Cl,p), ta xét metric d(z,y) = sup |z(t) — y(t)| va trong R ta xét
a<t<b

metric thong thuong. Chiing minh cac anh xa sau day lién tuc tit Cjy vao R.
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1. fi(x) = inf x(¢)

a<t<b
b

2. folx) = [2*(t)dt

a

Giai. 1. Ta sé ching minh |fi(z) — fi(y)| < d(z,y) (*)

That vay

filz) <z(t) =yt) + (x(t) —y(t) <y(t) +d(x,y)  Vt € a,b]
— fi(z) —d(z,y) <y(t), Vtela,b]
= fi(z) —d(z,y) < fily) hay  fi(z) = fily) < d(z,y)

Tuong t, ta c6 fi(y) — fi(z) < d(z,y) nén (*) dang. Tu day, ta thay
V{z,}, lim x, =z = lim fi(z,) = fi(x)
2. Xét tuy y © € Clay), {xn} C Clop) ma limz,, = x, ta can ching minh lim fo(z,) = fo(z)

Ta co

|25 (t) = 2*(t)] = |n(t) — 2(t)]-Jon(t) — 2(t) + 22(¢)]
< d(xn, z).[d(zp, ) + M] (M = sup 2z(t)|)

a<t<b

b
— | fala) — fola)] < / 22 (1) — 22(t)dt
< d(zp,)[d(xy,x) + M]|(b—a)

Do limd(z,,x) = 0 nén tut day ta c6 lim f5(z,) = fa(z) (dpem)

Ghi chii. Ta c6 thé diing cac két qua vé anh xa lien tuc dé giai bai tap 3 (§2). Vi dy, dé ching

minh tap
M ={z € Clop) : x(t) > xo(t), Vt € [a,b]} (xo € Clap) cho trudce )
la tap md, ta c6 thé lam nhu sau. Xét anh xa

[:Cupy — R, f(x)= inf (z(t) — xo(t))

a<t<b
Ta co:

e f lien tuc (Iy luan nhu khi ching minh f; lién tuc)



o M ={z€Cly: flx)>0}=f10,+00)), (0,00) 1a tap mé trong R

Bai 2. Cho cac khong gian metric X, Y va anh xa f : X — Y. C4c ménh dé sau la tuong
duong

1. f lien tuc trén X
2. fY(B)>fY(B) VBCY
3. f(A) c f(A) VAC X
Giai. 1) = 2) Taco
(B
f=(B) > f1(B)

= f(B) D> f~1(B) (do tinh chat "nh6 nhat" ctia bao déng)

{ f~Y(B) la tap doéng (do f lién tuc va B C Y la tap déng)

2) = 3) Dat B = f(A) trong 2), tac6 f~'(F(4)) > [ 1(f(4) > 4
Do d6 f(f~'(f(4))) > f(A) = f(4) > f(4)
3) = 1) Xét tuy ¥y tap dong F C Y, ta can chiing minh f~(F) la tap dong.
Dat A= f~Y(F), taco
fA) C f(A)=f(fY(F) CF=F (doF dong)
= [TH(f(A) C fHF)
— ACA

Vay A = A nén A la tap déng.

Bai 3. Trong Cj, ) ta xét metric d(z,y) = sup{|z(t) —y(t)|,a <t < b}. Cho ¢ : [a,b] x R — R

la ham lién tuc. Chiing minh anh xa sau day lién tuc
F:Clap = Cag,  Fla)(t) = ot 2(1))
Giai. C6 dinh zq € Clap), ta sé chiing minh F' lien tuc tai .

Dat M =1+ sup |zo(t)]. Cho e > 0 tuy ¥.
b

a<t<
Ham ¢ lién tuc trén tap compact D := [a,b] x [-M, M] nén lién tuc déu trén D. Do do,

ton tai s6 6; > 0 sao cho
V(t,s),(t',s) € Dt —t| <o, |s—s| < = |pts)— e, s <e
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Dat ¢ = min(dy, 1). V6i moi & € Clay, d(z,20) < 9, ta co
lz(t) — xo(t)| <0 Vi€ [a,b]
x(t) € [-M, M] (do |z(t) — xo(t)| < 1, Vt € [a, b))
Do do, |p(t, z(t)) — (t,xo(t))] <e, VtE€ |a,b]
— |F(x)(t) — F(zo)(t)| <&, VtEeE [a,b]
— d(F(x), F(x)) <e
Nhu vay, ta da chitng minh
Ve > 0,36 > 0:Va € Cluy, d(x,20) <0 = d(F(x), F(zg)) <e

hay F' lién tuc tai xg.

Bai 4. Cho cac khong gian metric X, Y va song anh f : X — Y. Chiing minh cdc ménh de
sau tuong duong

1. f71:Y — X lien tuc
2. f la anh xa dong

Giai. Taco (f71: Y — X lien tuc)
— (VAC X, A dong = (1) '(A) déng trong )
< (VA C X, A dong = f(A) déng)
< (f: X — Y la anh xa déng)

Bai 5. Cho khong gian metric (X, d). Véi x € X, @ # A C X, ta dinh nghia

d(x,A) = inf d(z,y)

yeA

Chitng minh céc khang dinh sau day
1. Anhxa f: X =R, f(z) = d(z, A) lien tuc
2. 1€ A d(z,A) =0
3. Néu Fy, F; 1a cac tap dong, khac @ va Fy N F, = @ thi ton tai cac tap md Gy, G, sao cho
FLCcGy, FCGy GiNGy=9
Giai. 1. Ta sé ching minh |f(z) — f(2")] < d(z,2") (*)
That vay, ta ¢6 d(z,y) < d(x,z') +d(«',y) Vye A
— ;Ielg d(z,y) <d(z,z) + ;]élg d(',y)

= d(x,A) —d(z', A) < d(z,2)
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2. Ta co

d(z,A) =0<+= (H{z,} C A: lim d(x,z,) =0) (do tinh chat cta inf va d(z, A) > 0)

— (H{x,} C A:limz, =2)

= zrecA

3. Taxét anh xa g: X — R, g(x) =d(z, F1) — d(z, F3)
Ta c6 g lién tuc theo cau 1)

bat Gy ={r e X : g(x) <0}, Go={xr € X : g(z) > 0}, ta c6

L] G1 N G2 =y
e G, Gy lacac tap mé (do Gy = g7 ((—00,0)), G = g7 ((0, +00)), (0, +00),(—00,0)

la céc tap md va g lién tuc).

N d(val) =0
e i CGivixe F| = .
d(xz,Fy) >0 (do x ¢ F» va két qua cau 2))
=g(z) <0

Tuong tu, Fy C Go

Bai tap tu gidi c6 huéng dan
Bai 6. Cho cac khong gian metric X, (Y7,d;), (Ya2,ds). Trén Y] x Y3, ta xét metric

d((y1,92), (¥1, ¥5)) = di(y1, v1) + da(y2, v5)
Gid st rang f1 : X — V), fo : X — Y5 la cac anh xa lién tuc. Chitng minh rang anh xa

[ X =Y xYs, f(x) = (fi(z), f2(x)) lien tuc.
Huéng dan
Stt dung dinh 1y 1 va diéu kién hoi tu trong khong gian metric tich trong bai tap 6 §1.

Bai 7. Cho cac khong gian metric X, Y va anh xa f : X — Y. Chiing minh cdc ménh dé sau
tuong duong;:

1. f lién tuc trén X

2. fFfY(IntB) CInt f~Y(B) VBCY



Huéng dan
e 1) = 2) Ap dung dinh 1§ 2 va tinh chét "16n nhat" ciia phan trong.

e 2) = 1) Ap dung dinh 1y 2 va tinh chit G = Int G néu G mé.

Bai 8. Cho céac khong gian metric (X, d), (Y, p) va cac anh xa lién tuc f,g: X — Y. Ta dinh
nghia anh xa
h:X =R, hz)=p(f(z)g(r)), reX

1. Ching minh A lién tuc

2. Suy rarang tap A :={x € X : f(z) = g(x)} 1a tap dong.

Huéng dan

1. Chiting minh rang néu d, %, 7 thi h(x,) — h(x) trong R, sit dung tinh chat y, - vy,
2~ 2 thi p(Yn, 2n) — p(y, 2)

2. A=n"1({0}), {0} 1a tap dong trong R

Bai 9. Cho khong gian metric (X, d) va A, B la cac tap déng khac &, khong giao nhau. Chiing
minh rang ton tai anh xa lién tuc f : X — R sao cho
0< flz)<1, VzelX,
f(z)=0, VxeA,
flx)=1, VxeB

Huéng dan

Ching minh ham f(z) =



