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1 BDinh nghia va vi du

1.1 Dinh nghia

Cho V va U la hai khong gian vécto, anh xa f : V — U la anh xa tuyén tinh néu f théa man
2 tinh chat sau:

(1) Voimoia, BV fla+f)=f(a)+ f(B)
(17) Véimoia € Ria € Vi f(aa) = af(a)
Mot anh xa tuyén tinh f : V — V goi 1a mot phép bién ddi tuyén tinh ctia V.
Nhu vay, dé kiém tra anh xa f : V — U c6 la anh xa tuyén tinh khong, ta can phai kiém
tra f c6 cac tinh chat (i) va (4i) khong. Ban doc c6 thé dé dang tiu kiem tra cac vi du sau:

1.2 Cac vi du
Vi du 1. Anh xa khong:
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I
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13 anh xa tuyén tinh.
Vi du 2. Anh xa ddng nhét:
id V. — Vv
13 anh xa tuyén tinh.

Vi du 3. Anh xa dao ham:

13 anh xa tuyén tinh.



Vi du 4. Phép chiéu

p o R3 — R2
(5517372,373) _ p($17$27333) = (il?hxz)

13 anh xa tuyén tinh.

Dang tdng quét clia mot anh xa tuyén tinh f : R™ — R" dugc cho trong bai tap 1.

2 Cac tinh chat co ban cua anh xa tuyén tinh
Cho U, V 1a cac khong gian vécto, va f : V — U la anh xa tuyén tinh. Khi dé:
a. f(Oy) =0y, f(-a)=—f(a)

b. V6i moi ay,as,...,a, € R, aj,as,...,a, € V tacod

flaron + acas + ... 4 an00) = ar f(on) + asf(ag) + ... + an fan)

c. Anh xa tuyén tinh bién he PTTT thanh he PTTT. Tuc la néu o4, as, . .., a, 13 he PTTT
trong V' thi f(aq), f(ae),. .., f(a,) 1a hé PTTT trong U.

That vay, néu oy, as, ..., a, 1a he PTTT thi ton tai a;,as,...,a, € R khong dong thoi
bang khong sao cho ajay +asas+. .. +aya, = 0. Do d6 f(ajay+asas+. .. +ayay) = f(0)
suy ra aif(ay) + asf(ae) + ... + anf(a,) = 0 ma ay,as,...,a, khong dong thoi bang
khong nén f(ay), f(aa),..., f(a,) PTTT.

d. Anh xa tuyén tinh khong lam tang hang ctia mot hé vécto, titc 1a v6i moi ay, ..., €V
rank{aq,...,a,} > rank{f(a1),..., f(an)}.
That vay, gid st f(a,, ..., f(a;, ) 1A mot hé con DLTT t6i dai cta he {f(a1),..., f(an)}
(do d6 rank{f(c1),..., f(an)} = k), theo tinh chat c., hé vécto ay,, ..., q;, DLTT, do d6
hé con DLTT t6i dai cia hé ay, . . ., o, ¢6 khong it hon k vécto, tiic larank{ay, ..., a,} >k

= rank{f(a1),..., f(an)}.

3 Dinh Iy co ban vé su xac dinh ctia anh xa tuyén tinh

Dinh 1y 3.1. Cho V la khong gian vécto n chiéu (dimV = n), ay,...,a, (a) la co sé tiy 1
cia V', U la khong gian vécto tuy j va B, ..., 3, la hé vécto tuy i cia U. Khi dé ton tai duy
nhat mot anh za tuyén tinh f :V — U théa man f(o;) = B vdi moii=1,2,...,n.

Chitng minh. Tinh duy nhat. Gia si ¢6 2 anh xa tuyén tinh f,g : V — U thdéa man diéu
kién cta dinh ly. Khi d6 v6i moi x € V = . = ajaq + ... + a,ay,, ta cd

fx) = flaar+ ...+ anon)

a1f<a1) .+ anf(an>

alg(al) + St ang<an)

= glaoq + ...+ apay) = g(x)

Vay f=g.



Su ton tai. Vi méi x € V, x = ajaq + ... + anay, ta dinh nghia 4nh xa f : V — U, nhu sau:
f(x) =aif1+...+a,5, Rorang f la dnh xa tuyén tinh thoa man diéu kién ctia dinh ly.
]

Tit dinh Iy nay, ta thiy rang mot anh xa tuyén tinh hoan toan dude xac dinh khi biét anh
clia mot co sd, va dé cho mot anh xa tuyén tinh, ta chi can cho anh ctia mot co s 1a di.
4 Ma tran cua anh xa tuyen tinh

4.1 Dinh nghia va vi du

Cho V va U la cac khong gian vécto, aq,...,a, (o) lacosé caa V, By, ..., By (B) la co s6 cla
U. Vi f(a;) € U nén f(q;) biéu thi tuyén tinh duge qua co sd (3) nén ta co:

flan) = anfr+awbe+ ...+ ambm
flag) = agf1 +axls+ ...+ awmfm
f(an) anlﬁl + anQﬁQ + ...+ anmﬁm
Ma tran
@11 A21 ... Qpi
a a22 ... ay,
A 12 . 2
Aim A2m ... G(pm

goi la ma tran clia f trong cap cd sé (), (3) va ki hieula Ay o o

Trudng hop diic biét, khi f 1 phép bién ddi tuyén tinh ctia V, f: V — V va (8) = () thi
ma tran ctia f trong cap co s6 («), (a) duge goi 1a ma tran cua f trong co sé () va ki hiéu la
Ay

(@)

Vi du 1. Cho anh xa tuyén tinh f: R? — R3
f(ll)l, IEQ) = (Ilfl + QZEQ, T, — X9, —[Eg)

Tim ma tran ctia f trong cap co s6 (), (3) (ma tran Ay, ., ) v6i cac cd sé (), (8) nhu

o () @ a;=(1,1), ap =(1,0),
(5) : 51:(17171>a 62:(_ 7271)7 ﬁ3:(17372)
Giai. Gia su
flon) = aifr +azfz + asfs (1)
flaz) = bifi+bofa+ bsfs (2)

Khi d6, theo dinh nghia, ma tran ctia f trong cap co sé («), (5) la

a; by
Affo = | 2 b2
as by



Ta can giai cadc phuong trinh vécto (1), (2) dé tim a1, as, az va by, by, bs. Cac phuong
trinh (1), (2) tuong duong véi cdc hé phuong trinh tuyén tinh ma ma tran cac he s6 mé
rong cua ching la ma tran sau:

1 -1 1] 3|1 1 -1 1| 3| 1

1 23] 0|1 | — 10 3 2|3 0

1 1 2]-1/(0 0 2 1]-4]|-1
1 -1 1] 3| 1 1 -1 1} 3| 1
— (0 11} 1| 1 |{— 0 1 1] 1] 1
0 2 1|-4|-1 0 0 —-1|-6|-3

He1):a3 =6, aa=1—a3=—5, a; =3+ ay —az = —8
Hé2)b3:3, 62:1—b3:—2, b1:1+b2—b3:—4

ay bl -8 —4
Vay Af/(CM),(ﬁ) =|a by | =] =5 =2
| as b3 6 3

Nhéc lai rdng co sd chinh téc ctia khong gian R™ (ky hieu (€")) 1a co sé:
e =(1,0,...,0), e =1(0,1,...,0),...,e,=(0,0,...,1) (")
Ban doc c6 thé dé& dang kiém tra vi du sau:
Vi du 2. Cho 4nh xa tuyén tinh f: R" — R™ dugc cho bdi cong thitc (xem bai tap 1)
flz, . xn) = (a1 4+ - ..+ @1pTp, a1 + .o+ Q2p Ty - - o Q11 + . .. + amnzy,)

Khi d6, ma tran clia f trong cdp co s6 ("), (™) la:

ajp a2 ... Qin

A 921 22 ... QA9pn
f/e”,em -

Am1 Am2 ... Omn

Chéng han, 4nh xa tuyén tinh f : R?> — R3 trong vi du 1 ¢6 ma tran trong cip co sé
(€%), (%) 1a

1 2
Ap,,=|1 -1
0 —1

4.2 Biéu thic toa dé ctia anh xa tuyén tinh

Cho U, V la cac KGVT, va ay,...,a, (@), Bi,...,0m (8) lan lugt 1a cac co sG cia V' va U.
Cho f:V — U la dnh xa tuyén tinh. A = Ay 1a ma tran ctia f trong cap co s6 (), (B).
V6i moi vécto z € V, gia sit:

l’/(a) = ('Ilv Lo, ... 7In)7 f(x)/(ﬁ) = (ylﬂ Y2y ... 7ym)

Khi dé, ta c6 cong thiic sau goi 1a biéu thiic toa do ciia anh xa tuyén tinh f:

Y1 T
Y2 Ta
) = A.

Ym Tp



Néu ta ky hieu [z]/(q) 1a toa do ctia vécto x trong co sd («) viét theo cot, thi cong thic tren c6
thé viét lai ngdn gon nhu sau:

(@] 8) = At/iay - 17]/ (@)

Trusng hgp dac biet, khi f : V' — V 1a phép bién ddi tuyén tinh, aq,...,q, (a) la co sé cia
V', ta co:
[f(x)]/(a) = Af/(a)'[x]/(a)

4.3 Ma tran ctia anh xa tuyén tinh trong hai cip cd sé khac nhau

Cho V, U la cac KGVT, aq,...,a, (@) vaol,...,al, (&/)lacéccosécua V, By, ..., 0, (B) va
By, 3. () 1a cac co s6 ctia U. Cho anh xa tuyén tinh f: V — U. Khi d6, ta ¢6 cong thiic
dué6i day cho thiy sy lien he gitta ma tran ctia f trong cap co s6 (o), (@) véi ma tran cta f
trong cap co s6 («), (6):

_ —1
Af/(a'),w’> - T,@B"Af/m),(ﬁ)'Taa’

trong d6, Tye 12 ky higu ma tran doi co s6 tit co s6 (a) sang co sd (o).
Truong hop dic biet, khi f : V — V la phép bién doi tuyén tinh va ay,...,q, (a) va

al,...,al (a') 1a hai co s6 cia V| ta co:

1
Af/(o/) - Taa"Af/(a)'Taa'

5 Hat nhan va anh

5.1 Cac khai niém co ban
Cho V, U la cac khong gian vécto, f : V — U la anh xa tuyén tinh.

e Ky hieu: Kerf = {x € V|f(z) =0} C V
Khi d6, dua vao tieu chuan KGVT con, ta c6 thé chitng minh duge Kerf 1a KGVT con
ctia V, goi 1a hat nhan ctia 4nh xa tuyén tinh f.

e Ky hieu Imf ={f(x)lr eV} CU
Imf ciing 12 mot KGVT con ctia U, goi 13 anh clia 4nh xa tuyén tinh f.
5.2 Nhan xét

e Dé xac dinh hat nhan ctia anh xa tuyén tinh f : V — U, ta stt dung biéu thic toa do ctia
f (xem muc 2), cu thé:
Chon ¢6 86 aq, ..., a, () va By,..., By (B) cia V va U. Khi dé, ta co:

[f(x)/(5) = Af/(a%(ﬁ)‘[x}/(“)



do do:
reKerf < f(z)=0

0
0
= [f(@)]/@ = :
0
0
0
= Alr]/= ; (*)
0

Nhu vay, « € Kerf khi va chi khi toa do ctia 2 trong co s6 (a) ([z]/())) 12 nghiem cia
h¢ phuong trinh tuyén tinh thuan nhat (x) (véi A = Ay o)
T d6, dé tim co s6 clia hat nhan Ker f, ta lam nhu sau: Tim ma tran clia f trong cap co
T 0
80 (a), (B) nao d6, A = Ay - Gidi he phuong trinh A. | @ | = | | (%), tim he
Ty 0
nghiém ctia hé (x). Tap tat cd cac vécto thuoe V sao cho toa do ciia vécto do trong co sG
() 1a nghiém co ban ctia hé (x) sé lam thanh mot co s ctia Ker f. Trudng hop dac biét,
néu f : R® — R™ la 4nh xa tuyén tinh vd A 1a ma tran ctia f trong cap co sd chinh tac
(A = Aj/ ) wm) thi hat nhan cta f chinh la khong gian con cac nghiém ctia hé phuong
Ty 0
trinh tuyén tinh thuan nhat A. | : | = | : | va co s6 clia Kerf chinh 14 hé nghiém
Ty, 0

co ban cua hé trén.

Ban doc sé thay 16 cach tim Kerf qua phan bai tap.

e Dé tim anh clia anh xa tuyén tinh f: V — U ta dua vio nhan xét sau:
Néu ay,...,q, la he sinh cia V thi f(aq),..., f(a,) 1a he sinh ctia Imf. That vay, vé6i
moi y € Imf, ton tai € V dé y = f(z). Vix € V nén ton tai ap,...,a, € R dé
r=aa1 + ...+ apo,. Khi do

y=f(z)=flaron + ...+ a,) = arf(ar) + ... + anf(a)
Vay, f(aq),. .., f(ay) 1a he sinh cia Imf.

Nhu vay, dé tim co sé ctia Imf, ta tim co sé oq,...,q, cia V, theo nhan xét tren,
Imf = (f(aq),..., f(a)), do d6 he con DLTT tdi dai ctia hé f(aq),..., f(a,) 1a co s6 cla
Im f

5.3 MBobi lién hé gitta s6 chiéu ctia hat nhan va anh
Dinh 1y 5.1. Cho dnh za tuyén tinh f:V — U. Khi dé, ta c¢6: dimKer f +dimIm f = dim V

Chitng minh. Gia st dimV = n, dimKerf =k (k < n) va gid st a, ..., a; 1a co sé cta Kerf.
Vi ai,..., 04 1a hée vécto DLTT clia V nén ta c¢6 thé bo sung them n — k vécto dé duge he
1y ey Oy Qg1 - - -, Oy 18 €O 86 ctia V. Ta ching minh f(agyq), ..., f(a,) 1a co s6 cia Imf.
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That vay, v6i moi y € Imf, ton tai 2 € V dé f(z) =y, viz € V nén r = ajoq + ... +
apQy + Qg1 + - .. + apay,. Do do,

y=[f(x) =afloa)+...+arf(on) tapiflar) +. . Fanf(an) = appr f(arr) +. . +anf(an)
vi f(ay) =...= f(ag) = 0. Diéu nay ching t6 f(ass1),-- ., f(a,) 1a hé sinh ctia Imf.
Bay gio, gia st

a1 f () + .o 4 anf(an) =0
= flagr10ps1 + ...+ apa,) =0
= Qi 1Qks1 + ...+ apa, € Kerf
= Qp410k41 + ... Fapoy, = a1y + ..+ Aoy

(Vi g, ...,ax la co s6 ciia Kerf). Do d6 —ajaq — ... — apoyg + Gpy1Qpr1 + - .. + apoy, = 0 suy
ra a; = 0 v6i moi 1.

Vay f(ags1),-., f(an) 1a co s6 DLTT do d6 1a co s6 cia Im f nén dimIm f = n — k. Ta ¢
dimKer f +dimIm f=k+ (n—k) =n=dimV. O

S6 chiéu ctia Im f con dude goi 1a hang clia anh xa tuyén tinh f, ky hiéu l1a rank f. S6 chieu
ciia Ker f con duge goi 1a s6 khuyét ctia anh xa tuyén tinh f, ky hi¢u 1a def(f). Nhu vay, ta
c6: rank(f) = dimIm f, def(f) = dim Ker f va rank(f) + def(f) = dim V'

6 Don cau, toan ciu, dang cau

6.1 Cac khai niém co ban

Cho U,V 1a cic KGVT, va f : V — U la anh xa tuyén tinh. Khi doé:
e f goila don cau néu f 1a don anh.
e f goi la toan cau néu f 1a toan anh.
e f goila déng cau néu f la song anh.

T dinh nghia, ta c6 ngay tich ctia cac don cau, toan cau, dang cau lai 1 cac don ciu, toan
cau, ding cau. Néu f : V — U la mot dang cau thi f c¢6 anh xa nguge f~' : U — V ciing la
mot dang cau.

Hai khong gian vécto U,V goi la dang cau néu ton tai mot dang cau f : V — U. D& thay
rang quan hé dang cau la quan hé tuong duong.

6.2 Cac dinh ly vé don cau, toan cau, dang cau

Dinh 1y 6.1. Hai khong gian vécto V,U ding cau vdi nhau khi va chi khi dimV = dim U

Dinh 1y 6.2. Cho V,U la cdic khong gian vécto, dimV = dim U va f: V — U la dnh za tuyén
tinh. Khi do, cdc khang dinh sau la tuong duong:

(i) f la don cdu
(1) f la toan cdu

(iii) f la dang cau



Dinh 1y 6.3. Cho dnh za tuyén tinh f :V — U. Khi dé:
(i) f la don cau khi va chi khi Ker f = {0}, khi va chi khi dimIm f = dim V/
(i1) f la toan cau khi va chi khi Im f = U, khi va chi khi dimIm f = dim U

Néu f : V — U la anh xa tuyén tinh thi dimIm f = rank f = rank A, trong d6 A 13 ma
tran ctia f trong cip cd s6 (), (B) bat ky. Do do, dé kiém tra xem f c6 la don cau, toan
cau hay khong, ta tim ma tran ciia f trong cip co sé (a), (8) ndo d6 roi tim rank A. Néu
rank A = dim V' thi f 14 don ciu, con néu rank A = dim U thi f 1a toan cau.

6.3 Su ding ciu cta khoéng gian cic anh xa tuyén tinh va khong
gian cac ma tran

Ky hieu Hom(V,U) 1a tap cac anh xa tuyén tinh f : V — U. Trong Hom(V, U) ta dinh nghia
hai phép toan nhu sau:

e Phép cong: Vf,g € Hom(V,U), f+¢g : V — U

z — (f+9)()=f(x)+g(z)
e Phép nhan: Va € R, f € Hom(V,U), (af) : V — U
z — (af)(z) = af ()

khi d6 Hom(V, U) cung v6i 2 phép toan trén lam thanh mot KGVT, goi 1a khong gian cac anh
xa tuyén tinh tu V dén U.

Di¢u thi vi 1a khong gian Hom(V, U) dang ciu v6i khong gian cdc ma tran nhd dang cau
trong dinh 1y sau:

Dinh ly 6.4. ChoV, U la cic KGVT, dimV = n,dimU = m va cho oy, ..., ap (), B, ..., Bm (5)
lan luot la cdc co s6 cia V va U. Khi dé, dnh za:

¢ : Hom(V,U) — M, ,(R)
f — 0(f) = As/

la mot dang cau.

Nho dang cau nay, viéc nghién citu cic anh xa tuyén tinh dan dén viéc nghién citu cic ma
tran va ngudc lai. Ban doc sé thay ro phan nay qua phan bai tap. !

Panh may: LAM HUU PHUGC, Ngay: 22/02/2006
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